Aps = pressure drop owing to skin friction, lb.s/sq. ft.

g = rate of heat transfer, B.t.u./hr.

Tv = temperature of water entering heat transfer sec-
tion, °F.

Tw = average temperature of wall of heat transfer sec-
tion, °F.

U = average velocity of flow, ft./sec.

Up = average velocity of flow based on tube diameter D

Up-z2e = average velocity of flow based on tube diam-
eter, D — 2e, ft.

X = length of measuring section, ft.

x = direction parallel to pipe axis (also used for
length of smooth pipe — ft.)

y = direction perpendicular to pipe axis

Greek Letters

T = average resisting stress at the wall, lb.s/sq. ft.

p = water density, Ib.m/cu. ft.

v = kinematic viscosity, sq. ft./sec.

pw = viscosity of water at temperature Tw, lb.m/ft.
sec.

pb = viscosity of water at temperature Ts, Ib.m/ft. sec.

LITERATURE CITED

1. Nikuradse, J., Forsch Arb. Ing. Wesen, No. 361 (1933).

9. Schlichting, Hermann, Natl. Advisory Comm. Aeronaut.
Tech. Memo 823 (1936).

3. Stanton, T. E., “Friction,” Longmans, Green, (1923).

4. Kemeny, G. A, and J. A. Cyphers, J. Heat Transfer, Series
C83, 189 (1961).

S. Smith, J. W., and N. . Epstein, A.I.Ch.E. Journal, 3, 242

(1957).

Hastrup, R. C., R. H. Sabersky, D. R. Bartz, and M. B.

Noel, Jet Propulsion, 28, 259 (1958).

. Cope, W. F., Proc. Inst. Mech. Engrs.,, 145 (1941).

. Dipprey, D. F., Ph.D. thesis, California Inst. of Technol,
Pasadena, California (1961).

. Boelter, L. M. K., G. Young, M. L. Greenfield, V. D.
Sanders, and M. Morgan, Natl. Advisory Comm. Aero-
naut. Tech. Note 2517 (1951).

10. Sams, E. W., Natl. Advisory Comm. Aeronaut. RM

E52,D17 (1952).

11. Brouillette, E. C., T. R, Mifflin, and J. E. Myers, Paper
No. 57-A-47, Amer. Soc. Mech. Engrs. (1957).

12. Nunner, Wolfgang, VDI-Forschungsh. 455, Series B, 22, 5
(1956); also Atomic Energy Research Establishment Lib.
Trans. 786 (1958).

13. Koch, Rudolf, VDI-Forschungsh. 469, Series F, 24 (1958).

14. Knudsen, J. G., and D. L. Katz, Chem. Eng. Progr., 46,
490 (1950).

15. Wilson, J. T., United Kingdom Atomic Energy Authority
Tech. Memo No. IGR-Tm/w .059 (1958).

16. Harris, M. J., and J. T. Wilson, J. Brit. Nuclear Energy
Conference, 6, 330 (1961).

17. Sieder, E. N., and G. E. Tate, Ind. Eng. Chem., 28, 1429
(1936).

18. Atherton, Arthur, and M. W. Thring, Trans. Am. Inst.
Chem. Engrs., 38, 235 (1960).

Manuscript received June 21, 1962; revision received January 17,
1963; paper accepted January 21, 1963

o= o

©

Multicomponent Diffusion in Restricted Systems

E. L. CUSSLER, JR., and E. N. LIGHTFOOT, JR.

University of Wisconsin, Madison, Wisconsin

In an earlier communication (1), with the flux equations of Onsager (3). this case, the system consists of two
the authors presented a generalization The techniques used in that presenta- identical cylindrical compartments, orig-
of the Arnold semi-infinite problem (2) tion are extended here to the case of inally filled with uniform multicompo-
to multicomponent Systems, starting unsteady state restricted diffusion. In  nent solutions-of slightly different com-
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positions and connected end to end at
zero time (the Loschmidt experiment).
The results obtained are of significant
practical utility; for example, they al-
low extension of the method of Harned
and Nuttal (4) to the determination of
multicomponent diffusivities.

Of considerably more importance is
the method for solution of this exam-
ple. It allows extension of many de-
scriptions of binary diffusion to the
corresponding multicomponent opera-
tions. Essentially, the binary method
is paralleled; the principal additional
step is the separation of a set of simul-
taneous differential equations.

To begin, the multicomponent flux
equation with a reference frame of vol-
ume average velocity is inserted into
the equation of continuity:

v [T_l ° ] °
—_— =V - . N B
at j:zl A Y] Pi

(1)

If constant diffusion coeflicients, con-
stant partial molar volumes, and a one-
dimensional system are assumed, Equa-
tion (1) may be simplified to

The boundary conditions for the sys-
tem described above are

0<z<hb

t=0 pi = pi+
—b<z2<0 pi=pi-
(8)
t>0 z==b —iei-=0
dz
(4)

To solve this equation, a solution is
postulated

L8t at) (5
pi+ — pi
where
_ 1
pi== (pi+ + pi-) (6)

The binary solution with a z depend-
ence of the same functional form for
both components suggests this assump-
tion which allows separation of Equa-
tion (2); f(z) and gi(t) are easily
found (5).

The solution has the form
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; o ()
pi — pi S Om—g' r—1

on

where
1
an=(n+-2—)77 (8)

and the ox are the eigenvalues of the
characteristic equation; that is, they
are the roots of the determinant of A,
where

Aij = D% — o 8y (9)

All roots of this characteristic equation
are real and are a complete set even
when they are equal (3). The Bix must
be found from

r—1
Bix =1 (10)
k=1
and
1 pit+ — pi
2 D"u(——-—_) — Siwk] Bix = 0
= pi+ — pl
(11)

The above solution reduces to the
usual binary case (4, 6). For the tern-
ary case one obtains

1
oL= o (D11 + D°2

+/ (D011 — DP2)? + 4D°13 D%;)
(12a)

1
o2 = - (D°11 + Dose

—V/ (D°11 — D%:2)2 + 4D°12 D)
(12b)

Bu = [0-1 — D%y 4 D%y .
(———”“ — P ) ] /(o1 — o2)
pl+ — p1—
(13)
Big = [0'2— Doy + Dos
(*pu—pz— ) ] / (o2 — a1)
pL+ — p1—
(14)
Bat = [0-1 — D11 + D%
(P__Zﬂ:_)] /(01— a2)
p2+ — p2—
(15)
Bas = [crz — D1 + D%
<ﬂ___m;)] /(o2 — a1)
p2+ — p2—
(16)
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B e _dk(?)z ' (7)
k=1

Corresponding results may be ob-
tained for four and five component
systems. For a greater number of com-
ponents, the eigenvalues must be found
by numerical techniques.

By similar extension, these multi-
component flux equations may be
solved for other geometries and bound-
ary conditions. If the initial and bound-
ary conditions for the multicomponent
system have the same form as the
conditions for the binary case, the solu-
tions appear as a sum of the binary
forms, each multiplied by a normaliz-
ing factor. The diffusion coefficient of
this binary counterpart is replaced by
the appropriate eigenvalue of the char-
acteristic equation. The ease of obtain-
ing solutions of this type is a principal
advantage of these flux equations.

NOTATION

b = one-half cell height

Bij = normalization constants

De; = diffusion coefficients with re-
spect to volume average veloc-
ity

f(z), gi(t) = functions for separation

of variables, Equation (7)
t = time

v? = volume average velocity

z = vertical cell coordinate

a = eigenvalue of solution, Equa-
tion (8)

A = operator for separation of

simultaneous differential equa-
tions, Equation (9)

pi = mass density of component i
ok = eigenvalue of characteristic
equation
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